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The surface tells it all: Relationship between volume
and surface fraction of liquid dispersions†
Emilie Forel,∗a Emmanuelle Rio,a Maxime Schneider,a Sebastien Beguin,a Denis
Weaire,b Stefan Hutzler,b and Wiebke Drenckhana
The properties of liquid dispersions, such as foams or emulsions, depend strongly on the volume
fraction φ of the continuous phase. Concentrating on the example of foams, we show experi-
mentally and theoretically that φ may be related to the fraction φs of the surface at a wall which
is wetted by the continuous phase - given an expression for the interfacial energy or osmotic
pressure of the bulk system. Since the surface fraction φs can be readly determined from optical
measurement and since there are good general approximations available for interfacial energy
and osmotic pressure we thus arrive at an advantageous method of estimating φ . The same re-
lationship between φ and φs is also expected to provide a good approximation of the fraction of
the bubble or drop surface which is wetted by the continuous phase. This is a parameter of great
importance for the rheology and ageing of liquid dispersions.
1 Introduction
Liquid dispersions, such as foams or emulsions, consist of indi-
vidual gas bubbles or liquid droplets, respectively, which are dis-
persed in a continuous liquid matrix. The volume fraction φ of
the continuous phase ranges from zero in the limit of tightly com-
pacted, polyhedral bubbles/droplets, to a critical value φc, in the
limit where the bubbles/droplets are spherical and come apart1–3.
Most physical properties depend strongly on φ - for example, the
shear modulus of disordered liquid dispersions decreases to zero
at φc 1,2,4–6.
A number of different experimental techniques exist for the de-
termination of the value of φ , based, for example, on the mea-
surement of electrical conductivity7 or capacity8, optical transmis-
sion9 or X-ray techniques10. Here we show that φ is readily deter-
mined from a simple optical measurement of the surface fraction
φs, that is, the fractional area of the continuous liquid phase which
wets the surface of the vessel holding the dispersion. We will show
that the relationship between the volume and the surface fraction
depends on the interfacial energy E of the dispersion which is pro-
portional to the interfacial area created between the immiscible
fluids. Various expressions exist for E in the literature (11 and ref-
erences therein) based on approximate theory or semi-empirical
fits.
Previous work on surface properties of foams has focussed on
the relationship between the bubble size or the bubble size distri-
bution of the surface and the bulk structure12,13. Here we con-
centrate entirely on the question of the relationship between the
volume and surface fraction, φ and φs, which is quite insensitive
to the detailed structure of the dispersions, as will be shown later.
In what follows we will refer to bubbles making up a foam. How-
ever, the nature of the physical argument and comparison with
data on emulsions from the literature shows the general validity of
our proposed relations.
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2 Experimental set-up
Fig. 1 (a) Scheme of the experimental setup: the foam is contained in a
glass column of square cross-section (FoamScan by TECLIS). A pair of
electrodes (in red) is used to measure the local electrical conductivity of
the foam (and hence the volume fraction φ ). Foaming solution is injected at
constant, controlled flow rate Q in order to ensure a homogeneous volume
fraction throughout the foam. (b)Ray paths passing through a prism are
used to observe bubbles at the wall.
In the experiments we use foams generated from aqueous so-
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4 MODELLING AND INTERPRETATION
lutions of the anionic surfactant Sodium Dodecyl Sulfate (SDS,
6 g/L) with some additional glycerol (0.5 wt%) and dodecanol
(0.06 g/L) in order to improve foam and solution stability. In or-
der to obtain foams over a wide range of of different bubble radii R
(0.1< 〈R〉< 2 mm) and polydispersities σ =
√
〈R2〉−〈R〉2
〈R〉 (1 −64 %)
we use different foaming techniques (sec. A and B in the Supple-
mentary Materials). Monodisperse foams (σ < 2%) are generated
using microfluidic techniques or bubbling from a needle. Polydis-
perse foams of low polydispersity are generated by bubbling from
a porous sparger (σ ≈ 5 %), while larger polydispersities are ob-
tained by the double syringe method11 (σ ≈ 40 % ) or by shaking
the solutions in a closed container (σ ≈ 50 % ).
The foaming gas is nitrogen or air with traces of C6F14 to slow
down gas diffusion between bubbles. The generated foams are
then filled into the glass column of the commercial FoamScan
device (TECLIS, Lyon, France) which has a square cross-section
(25× 25 mm) and is 200 mm tall. Adding surfactant solution at
a constant flow rate at the top of the column (forced drainage),
as sketched in Figure 1a, results in a uniform distribution of the
volume fraction1. Its value is obtained by measuring the electrical
conductivity across the column using pairs of electrodes integrated
into opposing walls of the cell (Fig. 1a). This procedure rests on
a general empirical relation for conductivity which is now well es-
tablished and is subject to a relative experimental error of about
5 % in volume fraction φ 7.
The surface fraction φs is obtained by imaging light reflected
from the foam surface with a telecentric lens through a prism with
a 45◦ angle, as shown in Figure 1b. Light reflected from the flat
wetting film which separates a bubble from the glass surface is
then received by the camera (and appears white), while light re-
flected by a curved interface is not detected by the camera (and
appears black). This technique was first developed in the 1990s
for determining bubbles size distributions14,15. Here we expand
this application to surface fraction measurements. Examples of
the resulting photographs for different volume fractions and poly-
dispersities are shown in Figure 2. Using ImageJ software16, these
photographs are readily converted into a surface fraction φs by tak-
ing the ratio of the black area to the imaged surface (sec. C in the
Supplementary Materials). The relative error made in the surface
fraction measurement is of the order of 5 % with a systematic ten-
dency to underestimate φs due to a combination of uncertainties in
the optical path selection and in the image treatment.
3 Experimental results
Figure 3 shows the experimental data for surface fraction φs as a
function of volume fraction φ over one order of magnitude of bub-
ble sizes (0.1 mm < 〈R〉 < 2 mm) and a wide range of polydisper-
sities (1 % < σ < 64 %). For the filled data points, measurements
were taken once the foam was in equilibrium, i.e. once the vol-
ume fraction was constant for a given flow rate Q of the injected
liquid (forced drainage experiments). Each data point is obtained
by averaging φs over 10 images, taken at a foam height of 5 cm
from the bottom, and by averaging φ over the 10 values measured
at the moment when these images were taken. The open symbols
are taken under dynamic conditions, i.e. while the volume frac-
Fig. 2 Examples of photographs taken at the surface of the foam through
the prism (Fig. 1b) for three different volume fractions and for two different
polydispersities σ . The scale bars are equal to 1 mm.
tion changes with time. This arises for example, once the flow
rate is stopped, or upon increasing the flow rate. Here, each data
point corresponds to one single measurement. The latter results
are therefore more prone to errors from dynamic effects or simple
lack of statistics. Nevertheless, it can be seen that the data gener-
ated by both protocols fall onto what seems to be a single curve
without any systematic dependence on bubble size, polydispersity
or measurement protocol. We have also added a data set obtained
in 1984 by H. Princen for emulsions with much smaller droplet
sizes (〈R〉 ≈ 5− 10 µm) and in the same range of polydispersities
(σ ≈ 50 %)17. His data set coincides with our data on foams, indi-
cating a common underlying relationship.
4 Modelling and interpretation
In order to interpret this experimental observation let us consider
the main pressure relations in a foam. Since we will focus on
an area at fixed height we can neglect the hydrostatic pressure.
Forced drainage leads to a homogeneous volume fraction through-
out the foam, we thus treat the liquid pressure Pl as homogeneous
in the measured zone. In a disordered foam with modest polydis-
persity the gas pressure Pg varies only slightly between bubbles1,2.
Since this variation is small in comparison with Pg −Pl , we will
treat Pg as constant throughout the foam, also for the bubbles in
contact with the wall. Comparison with our experimental data
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below seems to justify this assumption, but future work needs to
quantify the consequences of this approximation. Pg is also suffi-
ciently small (Pg < 1000 Pa) in order to consider the gas as incom-
pressible. This then implies a constant capillary pressure Pc=Pg−Pl
throughout the foam.
Fig. 3 (a) Experimental data relating the surface fraction φs to the volume
fraction φ over a wide range of bubble sizes 〈R〉 (0.1−2 mm) and polydis-
persities σ (1−64 %). We have also added a data set which was obtained
by Princen 17 using emulsions of 〈R〉 ≈ 5− 10 µm and σ ≈ 50 %. (b) A
variety of theorical models are consistant with the experimental data. The
relationship φs(φ) also describes the fraction of the bubble surface which
is wetted by the continuous phase for a kelvin foam, as obtained from Sur-
face Evolver simulation (data kindly provided by A. M. Kraynik and D. A.
Reinelt, unpublished)
The bubbles in contact with the wall create a flat film with the
solid surface (which appears white in the photographs of Figure
2). This film is drained by the capillary pressure Pc until Pc is bal-
anced by the repulsive force between the bubble surface and the
solid wall (the so-called disjoining pressure which arises from the
presence of the surfactants18). In equilibrium, a bubble therefore
exerts a force on the wall which is given by the product of the cap-
illary pressure and the area of its contacting film. A wall in contact
with a foam with a surface fraction of φs therefore experiences an
overall pressure of (1−φs)Pc.
This macroscopic pressure exerted by the bubbles of a foam on
a flat wall is also known as the osmotic pressure Π, which was in-
troduced by H. Princen5. For a bulk foam it is defined as5
Π=−
[
∂E
∂V
]
Vg=const
, (1)
where Vg is the gas volume, which is kept constant, and E is the
interfacial energy. We therefore have
(1−φs)Pc =Π(φ). (2)
The capillary pressure Pc and osmotic pressure Π of a foam of vol-
ume V have been shown to be related19–21 via
Π(φ) = (1−φ)Pc− 23
E
V
. (3)
Based on our approximations we can therefore write a sim-
ple equilibrium relation for the foam bubbles which are pressed
against the wall,
(1−φ)
(1−φs) = 1+
2
3
E
ΠV
. (4)
Weaire and Hutzler stated an approximate form of this equation
valid near the dry limit (Eqn. (3.42) in1). Let us note that in the
case of an ordered, two-dimensional foam, Eqn. (4) can be derived
rigorously, leading to the same expression in which the prefactor
2/3 is replaced by 1/2 to account for the different dimensional-
ity (Sec. D in the Supplementary Materials). Equ. (4) (together
with Equ. (1)) suggests that we need to know E(φ) or Π(φ) for
a given sample in order to relate surface to volume fraction. Both
E(φ) and Π(φ) have been found to be remarkably independent of
the detailed structural properties of the foam for a wide range of
different samples, based on experimental and computational re-
sults (11 and references therein). It follows that one may choose
a representative function for either E(φ) or Π(φ), whereupon an
estimate of the surface-volume relation can be deduced. In what
follows we will highlight two possible choices.
R. Höhler and co-workers22,23 suggested a semi-empirical ex-
pression for the osmotic pressure
Π= K
γ
R32
(φc−φ)2√
φ
, (5)
where R32 =
〈R3〉
〈R2〉 is the Sauter mean bubble radius. The pref-
actor K depends on the critical volume fraction φc of the foam.
K ≈ 3.2 for disordered, polydisperse foams (φc ≈ 0.36) with mod-
est polydispersity and K = 7.3 for ordered, monodisperse foams
(φc = 0.26)22,23. Numerical integration of Eqn. (5) gives the inter-
facial energy E(φ), and thus the evaluation of the relation between
surface and volume fraction via Eqn. (4).
The resulting predictions for φs(φ) for ordered and disordered
foams are plotted in Figure 3b, together with a shaded repre-
sentation of our data obtained from forced drainage experiments,
showing that both expressions describe the data very well up to
φ = 0.15. For higher φ , K = 3.2 (the values corresponding to disor-
dered foam) leads to better agreement with the data. While this is
expected for the polydisperse foam samples, it may seem surprising
with respect to the monodisperse foams shown in the left column
of Figure 2, which seem to hint at nearly perfect order. However,
this is a well-known boundary effect24, due to the presence of the
flat wall which encourages order in its vicinity while the foam re-
mains disordered in the bulk. In the case of polydisperse foams
one might also expect that some segregation of bubble size occurs
3
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at the surface, so that its size distribution is different from that of
the bulk. However, this has no effect on the derivation of Eqn. (4),
if the assumption of constant gas pressure remains valid.
Another expression of Eqn. (4) may be obtained using the re-
cently developed Z-cone model25–27 which approximates the ge-
ometry of a Z-faced bubble as being composed of Z equal-volume
cones. This provides analytical expressions for energy and osmotic
pressure as a function of volume fraction for a given number Z
of contacts of a bubble. These expressions are advanced and are
therefore not stated explicitly here, but they can be found in the
Appendix A of reference26. The model is derived for an ordered
monodisperse foam but should provide a reasonable approxima-
tion also for the disordered polydisperse foams studied in this ar-
ticle with an appropriate choice of Z. Figure 3b shows that the
variation of surface fraction with volume fraction is well described
for a choice of Z ≈ 7.8 over the entire range of data. This is a value
somewhere between the average numbers of neighbours of a ran-
dom monodisperse foam in the limits of low and high φ , where
Z = 13.4 and Z = 6, respectively. The corresponding graphs for
φs(φ) are shown in sec. E in the Supplementary Materials.
5 Geometrical approximation
The comparisons in Figure 3 show that there is clearly sufficiently
close agreement to justify surface measurements for the estimation
of the volume fraction. Since the use of currently available models
for E(φ) and Π(φ) in Eqn. (4) leads to rather complex expres-
sions, we wish to close our analysis with the suggestion of a simple
approximation which is based on purely geometrical arguments.
These are stimulated by the fact that Equ. (4) may be rewritten
in terms of surface area and volume/surface fraction only, using
E = γS and Equ. (1). In the simple model of a foam as a net-
work of liquid channels of characteristic width w and characteristic
length close to the bubble radius R1,2, the volume fraction scales
as φ ∝ w2R/R3 = (w/R)2. For the surface fraction we may write
the scaling (1− φs) ∝ (1−w/R)2. Combining both equations and
requiring that 1−φs = 0 when φ = φc, gives the simple relationship
1−φs =
(
1−
√
φ
φc
)2
. (6)
This kind of relationship has already been proposed by Prin-
cen5,17 and Hilgenfeldt28, but with slightly different pre-factors.
Equ. 6 is plotted in Figure 3b, showing that this provides a rather
good approximation to the experimental data − and to the other
models. The simplicity of this relationship may seem surprising at
first sight, but the fully analytical calculations (Appendix I in17)
for an ordered 2D foam gives the same relationship with power "1"
instead of "2". For most practical purposes the use of this simple
relationship, Eqn. 6 may therefore prove sufficient.
6 Conclusion
In summary, our experimental measurements clearly show that
there is a simple relationship between the bulk and the surface
fraction of a liquid dispersion. We demonstrate that this relation-
ship can be modelled by relating the different pressures acting in
the dispersion and on its surface, leading to Eqn. 4. This expres-
sion is, at least roughly, independent of polydispersity and bubble
size. A dependence on the polydispersity is expected to occur close
to the critical volume fraction φc, but the precision of our experi-
mental set-up does not allow us to draw any quantitative conclu-
sion.
Taking photographs of liquid dispersions in contact with a trans-
parent wall may therefore replace more tedious techniques, includ-
ing measurements of electrical conductivity, weight measurements
or various kinds of tomography. A further advantage is also that a
simple imaging technique imposes less requirements on the sample
conditions (not negligeable conductivity, density contrast etc.). For
most practical purposes, the simple relationship provided in Equ.
(6) may be used to relate both fractions with fairly good precision
- especially in dispersions with φ < 0.15 (which captures most of
the commonly encountered foam samples).
While, for simplicity, we have concentrated our experiments and
the discussion on the example of foams, our arguments are valid
for all liquid dispersions in which interfacial tension is constant
and the relevant energy is interfacial energy. This is consistent
with the agreement with data on emulsions from Princen17 shown
in Figure 3a.
A physically closely related question of great relevance to dis-
persion science is that of the average "surface fraction" or "wetting
fraction" of the bubbles or droplets within the bulk dispersion, i.e.
what fraction of the bubble/droplet surfaces is covered by the con-
tinuous phase? Or, inversely, what fraction of the bubble/droplet
surfaces is not covered by the continuous phase and therefore cor-
responds to thin films? This is a parameter of great importance for
the description of rheology and ageing phenomena in dispersions.
In Figure 3b we plot this average surface fraction for a periodic
Kelvin foam, obtained by Surface Evolver simulations (the data
was kindly provided by A. M. Kraynik and D. A. Reinelt). We notice
an excellent agreement between this data and the models derived
for the surface fraction on the container wall. Moreover, expres-
sions similar to Eqn. (6) have already been successfully used in
the modelling of bulk foam ageing28. This seems to indicate that
our derivation for the surface fraction on container walls may be
extended, at least to a good approximation, to the derivation of
the surface fraction on the bulk bubbles/droplets. Further analysis
of this question is in progress.
In conclusion, in-depth investigations of dispersions in contact
with solid surfaces may therefore help in answering numerous
pending questions in relation to their interfacial energy (and os-
motic pressure) over a wide range of volume fractions11, and, in
relationship with this, the description of the non-pairwise interac-
tion potentials between soft grains such as drops or bubbles21,22.
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Supplementary Material
A Foam generation
We use multiple technique to generate our foams. For polydisperse
foam, we use three methods. The FoamScan which is a commer-
cial device (TECLIS, Lyon, France) is a 200 mm tall column with a
square cross-section of 25×25 mm. At the bottom, there is a porous
disc which can be used to generate the foam. The gas is injected
into the porous disc which is submerged in the solution. Bubbles
rise from the bottom to create the foam. With this method we cre-
ate foams with a polydispersity σ ≈ 5− 10 % and a bubble size
< R> ≈ 1 mm. The foam can also be created by shaking the liquid
in a closed container. This technique gives very polydisperse foam
(〈R〉 ≈ 3 mm, σ ≈ 60 %). We also use the double syringe method11
in which the gas and the solution are placed in a syringe linked to a
second one. The foam is generated by pushing back and forth. this
technique gives a bubbles size < R>≈ 0.1mm and a polydispersity
σ ≈ 40%.
For monodisperse foams, we use two techniques. The simplest
one is to inject the gas in the solution with a needle (with a diame-
ter of 0.4 mm) which is placed at the bottom of the FoamScan col-
umn. The bubble radius is then of 0.3 mm and the polydispersity is
around 5 %. The second method is a microfluidic technique which
is the flow focusing though a T-junction. The solution is injected
in the first branch and the gas in the second one. They meet at the
junction where they create equal-volume bubbles which flow out
of the third branch. The FoamScan is filled with this foam through
an opening at the top of the column. With this method, it is pos-
sible to generate a wide range of bubble sizes (1− 2 mm) with a
polydispersity of 1−2 %.
B Bubble size and polydispersity
To measure the bubble size and the polydispersity of the foam, we
take a sample in the column of the FoamScan and dilute it with the
same solution between two glass plates which are separated by a
known gap which is smaller than the bubble diameter. Diluting
the foam sample in allows to separate the bubbles from each other
and to see all of them individually as shown in Fig. 1. A camera is
positioned above the sample which is illuminated from below with
a circular light source to take pictures of the bubbles. On these
pictures, the edges of the bubbles appear in black (see Fig. 1).
With a basic image processing in ImageJ software16, we obtain
the inner radius of the bubbles, Rc, as described in detail in29.
Knowing the distance between the light and the sample, Ll , the
radius of the light, Rl , the gap, h, between the two glass plates,
the optical index, n, and the inner radius of the bubbles, we can
calculate the real radius of the bubbles with Equ. (17) of29.
Based on these pictures and on the calculation of the radii, we
measure the polydispersity of the foam given by σ =
√
〈R2〉−〈R〉2
〈R〉 .
Hence, for the figure 1a, 〈R〉 = 2.2 mm and σ = 1 % while for the
picture 1b, 〈R〉= 1 mm and σ = 8 %.
Fig. 1 Photographs of bubbles between two glass plates taken with a
camera placed on top of the sample and enlighten with a circular light
source below. (a) bubbles size of 〈R〉 = 2.2 mm and a polydispersity of
1 %. (b) Bubbles size of 〈R〉= 1 mm and a polydispersity of 8 %.
C Measurement of the surface liquid frac-
tion
The column of the FoamScan is provided with prisms which are
glued on the container surface between successive electrodes as
sketched in Fig. 1a. Pictures of the bubbles at the wall are taken
though the prism (Fig. 1b) using a camera with a telecentric lens.
To obtain a sharp image of the bubbles at the wall, the angles
between the container surface and the light and between the con-
tainer surface and the camera must be positioned at an angle of
45 ◦. That way the maximum intensity will arrive in the prism. Ad-
ditionaly, we use a telecentric lens so that only the rays reaching
the prism with an angle of 45◦ will be seen by the camera (Fig. 1b
in the main article). So, if the light beam arrives on a plane surface
(film against the wall), the light will be reflected in the axis of the
6
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(a) (b)
Fig. 2 Photographs of bubbles of the surface at the container wall. (a)
Original photograph taken with a camera and a telecentric lens as shown
in Fig. 1b. (b) Same photograph which has been binarised and inverted.
camera and the film will appear in white on the photograph (Fig.
2a). On the contrary, if the beams is reflected by a curved surface,
it will be reflected with another angle and will not be seen by the
camera. This point will thus appear in black in the photograph
(Fig. 2a). We therefore obtain a picture which is black, where the
liquid wets the surface and white where the bubbles are pressed
against the wall. We use the free software ImageJ to binarise and
to invert the photographs (Fig. 2b). The surface fraction is then
calculated with the ratio of the number of black pixels over the
total number of pixels. Fig. 2 shows an example of the surface
of a foam with a volume fraction of φ = 1.8 %. For this foam the
surface fraction is φs = 34 %. This measurement technique has the
systematic tendency to underestimate slightly the surface fraction.
On the one hand, the telecentric lens allows for a small variation in
the angle of the detected light rays. On the other hand, the thresh-
old, which is used to turn the photograph into a black-and-white
picture has the tendency to cut slightly the boundary of the black
zones. We estimate that the combination of both errors leads to an
underestimation up to 5 % of the surface liquid fraction.
D Calculation of Equ. (6) for a 2D foam
In the case of a two-dimensional hexagonal foam one can derive
rigourously the foam energy5
Fig. 3 2D foam (a) with undeformed bubbles of radius R and (b) with
hexagonal shape bubbles of width L and length of film against the wall l.
E(φ) = γS(φ) = γS0
(1−φ1/2φ1/2c )
(1−φc)1/2(1−φ)1/2
, (7)
where S0 = 2piR is the surface of the undeformed bubbles, which
corresponds to a line length in two dimensions. R is the radius
of the undeformed bubbles (Fig. 3a), γ the line tension, and φ the
area liquid fraction. Similarly, one obtains for the two-dimensional
osmotic pressure5
Π(φ) =
γ
R
(1−φ)1/2
(1−φc)1/2
[
(
φc
φ
)1/2
−1]. (8)
The surface fraction in a 2D-foam (Fig. 3b) is given by (Appendix
I in17)
l
L
= (1−φs) = 1−
√
φ
φc
, (9)
with l being the length of film against the wall and L the width of
the bubble against the wall (Fig. 3b). Combining Equ.s (7)- (9)
gives
1+
1
2
E
ΠA
=
1−φ
1−φs (10)
which is the 2D analogy of Equ. (4) of the main article with 2/3
replaced by 1/2. Here A is the area of the foam, which is given by
A= AB(1−φ) with AB being the bubble area.
E Comparison with the Z-cone model
The Z-cone model can be used to calculate the value of the osmotic
pressure and the energy of the foam which are necessary to evalu-
ate the Equ. (4). In this model a key parameter is Z which is the
number of faces of a bubble.
Fig. 4 Surface fraction versus volume fraction for the Z-cone model with 3
values of Z (Z = 6,7.8 and 12). The gray points are the experimental data
extracted from Figure 3a in the main article.
Z is derived for an ordered monodisperse foam but the model
can be used for disordered polydisperse foams. Since Z repre-
sents the number of equal-sized cones or faces of the bubbles in
the foam, it can also be seen as the number of neighbours of the
bubble. For example, if Z = 6 it means that the bubbles have 6
neighbours and for bubbles with 12 neighbours Z = 12.
Fig. 4 shows the surface fraction, φs, versus the volume fraction,
φ , Z= 6 in purple, Z= 12 in pink and Z= 7.8 in orange which is the
values of Z allowing the better agreement with the data. The gray
dots are the experimental data points (static foam in fig. 3a). For
Z = 12, there is a good agreement between the Z-cone model and
the experimental points for small bulk liquid fractions. It is due to
the fact that a bubble has a lot of neighbours in a dry foam. It is
7
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noticeable that a unique value of Z (Z = 7.8) allows to describe the
entire range of data. This value is between the average neighbours
of a random monodisperse foam in the limits of low and high bulk
liquid fraction.
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